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Abstract 
We introduce a strengthening of the concept of purity, which may be more appropriate in 
the context of accessible categories (and which we prove to be equivalent to the usual one in 
locally presentable categories). We then use it to obtain a characterization of (cone) injectivity 
classes which, in particular, provides a solution to the corresponding problem of Fuchs (in the 
context of abelian groups) which avoids the set-theoretical assumptions of the Aditmek-Rosice 
solution. @ 1998 Elsevier Science B.V. All rights reserved. 
1991 Math. Subj. Class.: Primary: 18A99; secondary: 20K99 
1. Main results 
Throughout, u and i will be regular cardinals, and 8 will be an accessible category. 
We will recall some definitions and facts related to accessibility but for more details 
the reader is referred to [2]. 
We say that LY is sharply smaller than A, denoted by CC U A, if every cr-accessible 
category is A-accessible. Recall that for every IX, there exist arbitrarily large I’s such 
that LY 4 A. We will say that a morphism f : L --+A4 in 3 is A-presentable if it is A- 
presentable as an object of (L 19) (i.e., the horn-functor hom(f, -): (L J L?)-+ Set 
preserves I-directed colimits). Note that if 8 is cr-accessible and a Cl 1, then (L J, 3) 
is A-accessible. 
Proposition 1. Let 2 be cc-accessible, f : L --f A4 be in 9, and u CI 1. Then in what 
follows, the first three statements are equivalent. If _Y has pushouts, then all the four 
statements are equivalent. 
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(a) For every factorization f = hg of f in 9 with g I-presentable, g is a split 
mono. 
(b) f is a A-directed colimit (in (L J, 9)) of split monos. 
(c) For every commutative square in 3 with g A-presentable, there exists 
d:Q+L, such that dg=t. 
(d) ([2]) f is A-pure (i.e., same as (c), but replace “g A-presentable” by “P and 
Q A-presentable”). 
Proof. (a)+(b): f is the colimit of a I-directed diagram of l-presentable objects (in 
(L 1 Y)), which must be split monos, by (a). 
(b) + (c): Consider a commutative square as in (c). Let (gi : Ji --) f )I be the colimit 
of a I-directed diagram (fii, : JI: 4 h/ )I, and riJ;: = IdMi (i E I): 
L 
f 
rM 
5 fi 
II,/-’ 
Bi 
Mi 
Then pg = ft = colim(fii/ : h --f fij )t = colim(Jij : fit -+ J/t), and because g is 1- 
presentable, there exists a morphism di : Q +Mi with dig=Jt for some i. ridi is 
the diagonal we are looking for. 
(c) + (a): Take t = IdL in the square. For the case where S!’ has pushouts, (b) M (d) 
is in [2]: see the proof of Proposition 2.3O(ii) and the remark after its corollary. q 
A l-pure morphism is necessarily mono, and a regular one if 9 has pushouts. For 
this as well as a counterexample in the absence of pushouts, see [ 11. Their example also 
shows that in Proposition 1, condition (d) does not imply the other ones, in general. 
Accordingly, we define: 
Definition 2. A morphism f satisfying condition (a) of Proposition 1 will be called 
strongly A-pure. If X is a full subcategory of 9, we denote by PA(%) the class of 
all strongly A-pure subobjects in B of the objects in X. 
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Recall that an object C in a category % is injective with respect to a morphism 
(respectively a cone) h when every morphism from the domain (respectively the base) 
of h to C factorizes through (some component of) h. If H is a class of morphisms 
(cones), in a category %, H-Inj denotes the class of all objects of w which are injective 
with respect to every h in H. A (cone) injectivity class in $? is a class of %-objects 
of the form H-Inj for some class H of morphisms (cones) in %Y. 
Lemma 3. Let 9 be cr-accessible, X be a fill subcategory of 9, and a 4 1. Then 
9(Xx> is a cone-injectivity class in 3, with respect to a class of cones made of 
;l-presentable morphisms. 
Proof. Given L E 9, there exists a representative set M(L) for all the I-presentable 
morphisms in (L J 9’) ([2, 2.2,]). Let C’(L) be the set of all the L-based cones made of 
morphisms in M(L) through which some morphism in (L J ,X) factorizes. (If (L J, ,X) 
is empty, C”(L) consists of the empty L-based cone.) Then let N’(L) be the set of all 
cones in C*(L) with respect to which every K E .X is injective. We show that 
PA(X) = N” - Inj, 
where N’. = U {N’(L) 1 L E 2). 
X cN2 - Inj is clear, and PA(N’ - Inj) =N’ - Inj follows from Proposition l(c). 
Hence, PA(X) c PA(N” - Inj) =N” - Inj. 
Conversely, let L E N’ - Inj. If L @PA(X), then every g E (L J, X) factorizes through 
some A-presentable non-split mono he. Consider the cone C made of a representative set 
of all those h, (one for each g E (L J. 37)). Then, clearly, C E N”(L), which contradicts 
L E Ni - Inj (using IdL; note that this also takes care of the case where C is the empty 
cone). 0 
Using Lemma 3 and Proposition l(c), one obtains: 
Theorem 4. Let 2 be a-accessible, X be a full subcategory of 2, and c( 4 1. Then 
the following are equivalent: 
(a) X is a cone-injectivity class in 2, with respect o a class of cones made of 
A-presentable morphisms; 
(b) PA(X) = X. 
Corollary 5. Let 2 be a-accessible, ~$7 be a full subcategory of 2’. Then the fol- 
lowing are equivalent: 
(a) .X is a cone-injectivity class in Y; 
(b) ntY,, PA(X) = x 
Proof. For (a)+(b), note that any given set of objects in the (accessible) cate- 
gory (L J. 9) is made of i-presentable objects for A sufficiently large ([2, 2.21). For 
(b) + (a), use the class lJ {N’ 1 ct U i} of cones with N” as in Lemma 3. 0 
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2. Applications 
(1) It is easy to see that Vopenka’s Principle (see [2]) implies n aan &(Xx) = R(X), 
the class of all retracts in 9’ of members of X. Hence, we obtain the following 
extension to accessible categories of the result of Exercise 6.h of [Z]: 
Corollary 6. Assuming Vopenka’s Principle, the cone-injectivity classes in an acces- 
sible category are precisely the classes closed under retracts. 
The question as to whether n a ai, PA(X) = R(X) is true without any set-theoretic 
assumption is open. 
(2) Assuming 9 has products, Theorem 4 and Corollary 5 also hold when one 
adds closure under products (n(X) = X) in (b) and replaces “cone-injectivity” by 
“injectivity” in (a). This provides a solution to a problem of Fuchs ([5, Problem 461) 
which avoids the set-theoretic assumption of [2, Exercise 6.d]. 
Corollary 7. A class .X of abelian groups is an injectiuity class with respect to a class 
of monos if and only if it contains all divisible groups and n w ai. &(X)=X = n(x). 
(3) In case 9 is locally a-presentable, a syntactic characterization of &purity is 
also available, which is worth recalling (from [2]). Looking at 9 as the category 
of models and homomorphisms of a limit-theory in a language L,(C) (Z being some 
S-sorted a-ary type), f : L --) M is A-pure if and only if for every set @(X, Y) of atomic 
formulas of cardinality <I and every string a of elements in L, one has 
A4 I= 3UA@Lt-@), Yl> implies L + 3 Y(A@[a, Y]). 
In this framework, it is easily shown that the conditions of Corollary 5 are equivalent 
to X being definable in 9 by a class of basic L,(C)-sentences: i.e., essentially, 
sentences of the form 
where Y and the @i’s are sets of atomic formulas. For Theorem 4, one adds the 
restriction: “I @i I< 2 for each i E I”. Adding closure under products, of course, amounts 
to removing the disjunctions in the expression above. 
To link this to the classical (model-theoretic) case, recall that in any finitarily ele- 
mentary class %‘, f : L --+ A4 is w-pure if and only if L sandwiches A4 ([3]) i.e., there 
exists some mono g : A4 + L’ such that gf is an elementary embedding; iterating, one 
can show that this implies that L is elementarily equivalent to a o-directed colimit 
of structures, all elementarily equivalent to M; as a consequence, % is axiomatizable 
by basic finitary sentences (in the original language) if and only if it is closed under 
o-pure subobjects. The characterization of accessible categories in terms of purity ([2, 
2.361) can be seen as a generalization of that fact. See also [4] for related observations. 
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(4) The idea for the main results of this paper came to me while reading [6], 
which deals with “l-generation” in varieties (instead of I-presentation in accessible 
categories). It might be interesting to make the connection explicit. 
Call a morphism f : L -+A4 in 2’ A-generated if it is A-generated as an object 
of (L 12) (i.e., the horn-functor hom(f,-):(lL Z)-+ Set preserves colimits of 1- 
directed diagrams (fii : JI -+ fi) with the f;j’s all monos). It is a A-retraction (and L 
is a l-retract of M) if for every factorization f = hg of f in 2 with g l-generated, 
g is a split mono. We write Rn(.X) for the class of all &retracts (in 9) of members 
of K 
The four results of the previous section then have a counterpart in this context: in 
their statements, just replace “l-presentable” by “A-generated” and “pi” by “RL”, and 
require the morphisms connecting the split monos in Proposition l(b) to be themselves 
monos. 
If 9 is a a-at-y quasivariety, then the syntactic characterizations in (3) also have their 
counterpart, obtained by relaxing the conditions “I @(X, Y)l < 2’ and “I @i(X, &)I < 2” on 
the size of the sets of atomic formulas to the same condition on the size of the sets 
Y and K of variables. These syntactic characterizations of part (b) of Theorem 4 
and Corollary 5 (with closure under products added) in this context are the results 
which are obtained in [6]. I believe that a refined study of what happens to these 
syntactic characterizations in the locally presentable context might be useful for a better 
understanding of locally generated categories. 
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